A gauge theory of the Lorentz group with a mass-dimension one gauge field coupling to matter of any spin is developed. As a completely new feature the "Vierbein" assuring local gauge invariance enters not as an independent dynamical field, but emerges as a functional of the Lorentz gauge field. The most general action which is renormalizable by power-counting is constructed in terms of the gauge field and its first derivatives. It contains no higher derivative terms in the gauge field which destroy unitarity in the usual renormalizable R 2 -theories of gravitation. Finally equivalence of the Lorentz gauge field theory coupled to spin zero matter with General Relativity is established.
Introduction
Gravity has defied so far all attempts at consistent quantization. In fact, Einstein's theory of General Relativity (GR) and its generalizations turn out to be either not renormalizable or do not respect unitarity at the quantum level. Let us revisit the key reasons for that.
In the case of GR as defined by the Einstein-Hilbert (EH) action S EH = 1 κ √ −g R simple power-counting in the fundamental dimension-zero field g, the metric, or equivalently e, the Vierbein, and the fact that the coupling constant κ carries dimension minus two allow to demonstrate that the loop expansion of the quantum effective action contains divergent contributions which would have to be cancelled by counterterms of ever higher mass dimension -destroying renormalizability (note that dimensions are counted in powers of mass as usual) [1] .
Various unsuccessful attempts at resolving this fundamental problem have been made.
A first important one is to improve the ultraviolet behaviour of loop integrals by adding R 2 -terms to the EH-action. This makes the theory technically renormalizable, however at the price of adding non-physical ghosts which do not decouple from the physical sector of the theory spanned by quantum states with positive energy and positive norm [2] . These ghosts have their origin in the R 2 -terms containing second derivatives in the fundamental fields g or e in addition to the fields and their first derivatives occurring in the action. As a result the quantized theory violates unitarity.
Another approach aims at establishing gravity as a gauge theory similar to Yang-Mills theories -a comprehensive overview is given e.g. in [3, 4] . The gauge groups considered are the translation group T 4 with the Vierbein e as gauge field [5, 6] or the Poincaré group P 4 with the Vierbein e and a general affine connection Γ carrying curvature and torsion as gauge fields [7, 8] . Considering the homogenous Lorentz group SO(1,3) as the gauge group, local translations linked to the spacetime part of the local Lorentz transformations are coming in through the back door in the existing approaches, making them equivalent to gauging the Poincaré group [9, 10] .
In all cases one ends up with a non-renormalizable or a non-unitary theory depending on what specific action is proposed to describe the field dynamics. The fundamental problem goes back to the dimension-zero field g or e being a seemingly indispensable dynamical field in the theory -or is it? It certainly is when gauging the translation or the Poincaré group where e necessarily enters as a dynamical gauge field, in the latter case together with the dimension-one connection Γ as a complementary gauge field.
But when carefully gauging the homogenous Lorentz group should there not just be one gauge field, the dimension-one connection Γ ? And if a kind of Vierbein has to enter the theory should it not rather emerge as a functional of the independent gauge field, i.e. the connection, than as an independent field to which by construction no gauge degrees of freedom correspond? And if the only dynamical field is of dimension one should there not be actions for such a theory which are renormalizable at least by power-counting?
We are not aware of positive answers to the questions above in the literature. So in this paper we develop a gauge field theory of the Lorentz group SO(1,3) which a) is new as the only dynamical field is the dimension-one Lorentz gauge field in terms of which all else can be expressed and which allows for actions renormalizable by power-counting, yet without higher derivative terms; and b) is equivalent to GR in a limiting case.
To do so we recast in the next section global Lorentz symmetry as an inner symmetry [8] . In the third section gauging the Lorentz group SO(1,3) introduces a covariant derivative with a Lorentz gauge field whose transformation behaviour is established under local gauge transformations. In this step a functional of the Lorentz gauge field emerges which plays the role of a Vierbein. In section four we determine the covariant field strenght tensors of the theory and in section five the most general invariant gauge field action of mass dimension ≤ 4 in the gauge field and its first derivatives which is renormalizable by power-counting. The following two sections are devoted to establish the aforementioned equivalence to GR and to resolve the puzzle why a non-renormalizable theory like GR given in terms of a dimensionzero gauge field can be the limiting case of a renormalizable one expressed in terms of a dimension-one gauge field.
Throughout this paper we work on Minkowski spacetime (R 4 ,η) with Cartesian coordinates, such that η = diag(−1, 1, 1, 1). Indices α, β, γ, ... denote quantities defined on (R 4 ,η) which transform covariantly w.r.t. the global Lorentz group. They are correspondingly raised and lowered with η.
Global Lorentz invariance as an inner symmetry
In this section we revisit the invariance of field theories under Lorentz and spacetime translations treated as global inner symmetry transformations.
Let us start with a field ϕ(x) which lives in a given representation of the Lorentz group SO(1,3), i.e. for an infinitesimal Lorentz rotation of the spacetime coordinates
Above ω γδ = −ω δγ are six infinitesimal constant parameters and Σ γδ = −Σ δγ are the generators of the Lorentz algebra so(1,3) in the representation space in which ϕ(x) lives. These are hermitean and normalized to fulfil the so(1,3)-Lie algebra for a generic set of Lorentz algebra generators J αβ
and hermiticity is understood w.r.t. the usual scalar product in field space. The infinitesimal transformations above are equivalent to
leaving spacetime coordinates unchanged whilst the Lorentz algebra element Θ ω acts on both the spacetime and spin coordinates of the field ϕ(x).
Rewriting the infinitesimal transformation laws for x and ϕ(x) in this equivalent way is ultimately just a choice of convention, but comes with important advantages as we shall see below and allows us to treat Lorentz transformations formally like any other inner symmetry transformation generated by a Lie group acting on the fields alone [8] .
Above the differential operators
are the generators of the spacetime-related part of the so(1,3) transformations in field space. Besides the generators L γδ and Σ γδ of so(1,3) in field space we write down for later use the generators Σ V γδ of the vector representation of so(1,3)
All these generators are normalized to obey the so(1,3) algebra Eqn.(1).
It is important to note that Θ ω always acts upon all the spin and vector indices of the objects to its right. To illustrate the point let us look at
Next we look at the dynamics of ϕ and assume it is determined by a Lagrangian density L M (ϕ, ∂ α ϕ) given in terms of the field ϕ and its first derivatives. The field equations are then obtained by extremizing the action
Taking into account that ∂ α ϕ ′ = (∂ α ϕ) ′ and that the last term in Eqn. (7) is a pure divergence
Finally we recall that under spacetime translations x α −→ x ′α = x α + ε α the field ϕ(x) transforms into ϕ(x) −→ ϕ ′ (x ′ ) = ϕ(x) with ε α four infinitesimal constant parameters.
The transformations above are equivalent to
leaving the spacetime coordinates unchanged whilst the translation algebra element Θ ε acts on the field ϕ(x) only as in the case of an inner symmetry transformation. A globally Lorentz covariant Lagrangian density L M (ϕ, ∂ α ϕ) transforms under translations as a scalar, i.e.
The last term in Eqn. (10) is again a pure divergence and we find that the action S M is globally translation invariant
3 Local Lorentz invariance and the gauge field B α
In this section we gauge SO(1,3), introduce the corresponding covariant derivative and gauge field and determine its transformation behaviour.
We start extending the global to a local infinitesimal Lorentz gauge group by allowing the gauge parameters ω γδ to depend on x
The infinitesimal local Lorentz transformations act in field space as
For later use write ϕ ′ = ϕ + δ ω ϕ introducing the variation of the field
We next require globally covariant Lagrangians L M (ϕ, ∂ α ϕ) to be also locally Lorentz covariant, i.e. to obey Eqn. (7) under the local transformations Eqn.(12). As in the Yang-Mills case this is achieved by the introduction of a covariant derivative
fulfilling
If this holds the Lagrangian transforms as a scalar as required
This will prove sufficient to construct a locally invariant action S M = L M further below. Next we make the usual Ansatz for the covariant derivative
with B α acting on the representation space of the infinitesimal Lorentz group SO(1,3) in which the field ϕ lives.
To simplify the algebra we note that we can rewrite
introducing the short-hand notations
The introduction of e α ϑ [B] as a book-keeping device will not only help to keep the algebra involving the gauge field components B α γδ manageable, but will prove crucial to establish the equivalence of the gauge field theory presented here in terms of a dimension-one vector field to general relativity expressed in Vierbein terms. It is Eqn.(19) on which the further relevance of the theory hinges as the "Vierbein" enters as a functional of the dynamical gauge field, and not as an independent field -a small, but crucial difference which makes the approach new and the theory potentially renormalizable and unitary at the quantum level.
Note that the explicit dependence of e α ϑ [B] on x is linked to the xdependence of L γδ and does limit permissible symmetry transformations under which e α ϑ [B] ≡ η α ϑ − B α ϑζ x ζ has a properly defined transformation behaviour to global translations and global as well as local Lorentz transformations.
Next we determine the transformation law for the gauge field from
Writing B ′ α = B α + δ ω B α we find for the variation of the gauge field
Hence, B α lives in the adjoint representation of so(1,3). The second line above can be rewritten as
Equating the terms proportional to ∂ ϑ and Σ γδ a little algebra yields
as well as
Note that one can derive Eqn.(25) directly from the transformation law Eqn. (24) as consistency requires. Looking in both Eqns.(24) and (25) at the terms apart from the first one which is related to the local Lorentz coordinate change we find that B α γδ shows the typical inhomogenous transformation behaviour of a gauge field whilst the book-keeping device e α ϑ [B] transforms like a Vierbein with the lower index Lorentz rotated and the upper index multiplied by the Jacobian matrix related to the local Lorentz coordinate transformation.
We note that whilst e α ϑ [B] enters the theory like a Vierbein and transforms like one for Lorentz coordinate transformations of the specific form 
with ε constant. Note that the latter transformation takes the translation of the origin by ε properly into account for the explicitly x-dependent part of e α ϑ [B]. We first define the field strength tensor
and reexpress it as
where the last term comes from taking into account the vector character of the covariant derivative. We further evaluate 
introducing
which is an infinite series in B α γδ when explicitly expressed in terms of the dynamical gauge field. Here the necessity to work with the book-keeping device e α ζ [B] to keep the algebra manageable becomes evident. This allows us to finally recast the field strength operator in a manifestly covariant form
expressing it in terms of the field strength components
and
which are both infinite series in B α γδ . As much as the formal analogy to the Yang-Mills case holds when gauging the Lorentz group the appearance of the T -term in G, and T and R being infinite series in the gauge fields point to important additional complications in the present case.
Let us next determine the transformation law for the field strength and its components
using Eqn.(28). So G transforms homogenously. Rewriting above as
yields the homogenous transformation behaviour for T and R
This translates to the covariant transformation laws for the field strength components
From Eqn.(34) we next determine the inhomogenous transformation law for
. (41) For later use we finally need the change of det e −1 [B] under an infinitesimal gauge transformation. A little algebra yields
Invariant actions
In this section we determine the form of general matter actions and the most general gauge field action invariant under local Lorentz transformations and global translations -and having consistent field quantization in mindwhich are renormalizable by power-counting.
Let us start with a globally Lorentz covariant matter Lagrangian L M . Replacing the ordinary derivatives with covariant ones in L M and taking into account both Eqn.(16) and Eqn.(42) we then find for the combination det
As a result actions of the form
are locally SO(1,3)-invariant. Specifically this holds true for renormalizable matter Lagrangians which are globally Lorentz covariant. Of course, S M also remains invariant if we change from one to another inertial system by global translations or Lorentz rotations.
Next we note that the most general gauge field action invariant under local Lorentz transformations can be written as a sum of contributions with different dimensions in powers of mass.
To determine it we start by establishing the momentum space dimensions of the various fields. Counting powers of momentum denoted by [.] we find
Now we can write down the most general invariant gauge field action which is renormalizable by power-counting, hence is built from the gauge fields and their first derivatives only. This action must be a sum of covariant Lagrangians of dimensions zero, two and four in the fields B α γδ and their first derivatives ∂ β B α γδ respectively integrated over with d 4 x det e −1 [B] . For the contribution of dimension zero in the fields we find one term
with Λ a constant of dimension [Λ] = 4. Having in mind to link the present approach to General Relativity we make use of the dimensionality of Newton's gravitational constant Γ and recall that
We then find for the most general contribution of dimension two in the fields and their first derivatives a sum of five terms
Above α i are constants of dimension [α i ] = 0. Finally, for the most general contribution of dimension four in the fields there we find a proliferation of terms
+ . . .
is the most general action of dimension ≤ 4 in the gauge fields B α γδ and their first derivatives ∂ β B α γδ which is locally Lorentz invariant and -having consistent field quantization in mind -renormalizable by power-counting. The actual proof of renormalizability requires the much more involved demonstration that counterterms needed to absorb infinite contributions to the perturbative expansion of the effective action of the full quantum theory are again of the form Eqn.(49) with possibly renormalized constants.
Let us take stock of where we are at this point. In analogy to the construction of Yang-Mills theories the requirement of local Lorentz invariance has led us to the introduction of a covariant derivative and a dimension-one gauge field B α γδ in terms of which we are able to build locally invariant matter and gauge field actions. The additional requirement of renormalizability by power-counting limits the contributions to the gauge field Lagrangian to be of dimension ≤ 4 in the fields and hence to a finite number of terms. Whilst -in marked complication compared to the Yang-Mills case -these terms are all infinite series in the gauge fields and their first derivatives at the classical level the quantized gauge field theory should be renormalizable despite the algebraic complexity at hands.
Having a viable classical and a potentially consistent quantum gauge field theory at hands the crucial question then is whether this theory can describe a fundamental force like gravitation -being in some form equivalent to General Relativity -the answer to which we turn in the remaining sections of the paper. 
Solving for C α βγ [B] we find
As As a consequence we can define a new homogenously transforming tensor
which is in fact a very complicated way to express B α γδ in terms of itself. The reason to do so will become clear in the next section.
Using Eqn.(52) we note that
which can be easily inverted
A consistency check reinserting Eqns. (51) and (54) 
and using Eqn.(34) indeed yields back B α γδ . We note that the raising and lowering of indices in all the expressions for B, C and H above with the Minkowski metric η is consistent as long as we remain within the framework of our theory, i.e. its covariance w.r.t. global translations and global as well as local Lorentz rotations.
We next look at the associated covariant derivative
and its field strength tensor and find
with
Finally a little algebra allows us to express
and its covariant derivative as
Here a comment is due on whether the various fields like the gauge fields B α γδ , C α γδ [B] together with e α ϑ [B], or the field strengths R αβ γδ [B] and T αβ γ [B] in the current approach have an intrinsic geometrical significance. At first sight one is lead to simply identify the fields above with corresponding objects of Riemannian geometry formulated in a non-coordinate basis [11] . So B α γδ would then be a general connection with curvature R αβ γδ , torsion T αβ γ and contortion K α γδ , e α ϑ the Vierbein and C α γδ the torsion-free Levi-Cività connection built from e α ϑ . Technically speaking these identifications make sense as long as we remain aware that the only fundamental fields from which all these objects are built are the gauge fields whose physical significance in terms of measuring spacetime distances in a classical context is the same as if it were an independent field, but beyond that comes with no further significance in our context.
Equivalence to General Relativity
In this section we demonstrate that the action S (2) G for a specific choice of the parameters α i depends on B α γδ only through e α ϑ [B] and is the same functional of e α ϑ [B] as the Einstein-Hilbert action S EH is of the Vierbein e α ϑ in the tetrad formulation of General Relativity. This allows us to demonstrate the equivalence of the Lorentz gauge field theory to GR for this choice of α i if we only take into account S 
Using Eqn. (54) 
G as
which is a functional of the gauge fields B α γδ and its first derivatives ∂ β B α γδ only, albeit a very convoluted one. Setting
G reduces to
which is a functional of B α γδ and ∂ β B α γδ through e α ϑ [B] and its first derivatives only.
Crucially, S
G is by construction the same functional of e α ϑ [B] as the Einstein-Hilbert action S EH is of the Vierbein e α ϑ in the tetrad formulation of General Relativity.
The same argument trivially applies to S
G and the cosmological constant contribution to GR and to actions describing purely scalar matter.
Hence, if we look at the truncated Lorentz gauge field theory taking into account only S (0) G and S (2) G and restrict ourselves to scalar fields for the matter contribution the resulting theory is in effect equivalent to GR with a cosmological constant term, coupled to scalar matter.
Formally this becomes evident looking at a scalar field minimally coupled to the gauge field which is described by the Lagrangian 
G or from including matter with spin.
We might wonder at this point what the conditions on the various parameters in S G are such that gravitation at the classical level can be described by an S G [B] which is a functional of e α ϑ [B] in essence -hence with terms with an explicit dependence on B α γδ massively suppressed. The two conditions are (1) that all the parameters in S 
Conclusions
In this paper we have developed in the first part a consistent gauge theory of the Lorentz group in terms of one gauge field of mass-dimension one. In the second part we then have demonstrated that in a certain limit the theory presented is equivalent to General Relativity as expressed in Vierbein terms making it a candidate gauge theory to describe gravitation.
At first sight the theory presented could easily be misread as General Relativity -or a generalization of it -expressed in anholonomic coordinates, or as a gauge theory of the Poincaré group. We recall that in both those approaches the dynamical field variables are the Vierbein e and an affine connection B, which in the limiting case of vanishing torsion can be expressed in terms of e alone. Both theories are built to be invariant under general coordinate transformations in addition to local Lorentz rotations acting on spin-degrees of freedom.
The key point of the theory presented here is that it depends on one gauge field only. All objects needed to formulate the theory are expressed in terms of that one gauge field, most notably an expression introduced to simplify the sometimes complex algebra which looks and transforms like a Vierbein. The price to pay is that the theory is invariant under local Lorentz transformations only, and not under general coordinate transformations. All this points to subtle, yet fundamental differences to the existing approaches which might allow to both overcome the obstacles to consistent quantization as well as to add to a refined understanding of gravity at the classical level. It is these subtle differences which make the approach new.
At the classical level the explanation of phenomena such as the accelerated expansion of the universe or the galaxy rotation curves not compatible with the observed matter distribution might after all not be linked to dark energy or dark matter, but rather to a refined classical theory of gravitation.
At the quantum level consistent quantization has faltered in essence due to the fact that one indispensable dynamical field in the traditional approaches, g or e, carries dimension zero which renders the underlying theories non-renormalizable or non-unitary.
In the gauge theory of the Lorentz group presented the only gauge field has mass-dimension one. This has allowed us to construct the most general action for that field which is renormalizable by power counting -potentially opening the route to a theory which is both renormalizable and unitary. To make further progress a full renormalization proof is required as well as the demonstration that the physical S-matrix is unitary. The latter is complicated by the fact that SO (1,3) is not compact. Hence, one has to show that the canonical quantization of both the free and interacting gauge fields allows for the definition of positive-energy, positive-norm states and a corresponding relativistically-invariant physical Fock space for these fields -and that negative-norm states completely decouple. As this is related to the non-compactness of the gauge group and not to the occurence of higher derivatives of the gauge field progress should be possible.
